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The vacuum action for the gravitational field admits a known 
expansion in powers of the Ricci tensor with nonlocal operator 
coefficients (form factors). We show that going over to a different 
basis of curvature invariants makes possible a partial summation 
of this expansion. Only the form factors of the Weyl-tensor invari- 
ants need be calculated. The full action is then uniquely recov- 
ered to all orders from the knowledge of the trace anomaly. We 
present an explicit expression for the partially summed action, 
and point out simplifications resulting in the vertex functions. 
An application to the effect of the vacuum gravitational waves is 
discussed. 



1 



Our starting point is the nonlocal expansion of the effective action for a 
given quantum field model in powers of a collective field strength [1-7]. In the 
purely gravitational sector this field strength boils down to the Ricci tensor 

since the Riemann tensor gets expressed through via the Bianchi 
identities [1-3]. For a generic field model the collective field strength is the 
set 

5J = (i?:;, 7t^,, P) (1) 

which consists of the Ricci tensor, the commutator curvature TZ^y = [V^, Vi/] 
accounting for an arbitrary connection and satisfying the Jacobi identity, 
and the potential P (see refs. [2-7]). Both TZf^^, and P are matrices in 
the space of fields disturbances. At every order in 3? there is a finite basis 
of nonlocal curvature invariants [2], and the effective action is their linear 
combination. Denoting W the euclidean effective action with the term linear 
in the curvature subtracted, we have [1,2] 

oo „ 

W^Y. dxg^'^ r^(ni, • • • 01+2, 02+3, . . .) . . . ^n{l) (2) 
n=2 ^ i 

where, for a given order n, i labels a finite set of basis invariants, and 
. . . 3f?n(0 nth-order basis invariant number i. For pure gravity, 

it has the structure 

. . . sft„(i) = M,(Vi, . . . V„) . . . R\n (3) 

where R\k = Rui^k) is the Ricci tensor at a point Xk, M,(Vi, . . . V„) is a 
monomial in covariant derivatives whose order does not exceed 2n, acts on 
Rlk, and, after the action of all operators, the points Xk are made coincident. 
The arguments of the form factors F, in (2), □ = g^'^V^'Vu, include all oper- 
ators Dfc acting on individual Ricci tensors Rlk and all operators n^+p acting 
on the products R',kR',p of two Ricci tensors. For the full set of curvatures 
(1), the structure of basis invariants in the expansion (2) is similar. 

The basis invariants are exphcitly built in [2] to third order inclusive, and 
the respective form factors Fj are calculated in the one-loop approximation 
for a generic model of quantum fields [3-6]. The asymptotic behaviours of the 
form factors F; at one of the arguments small and the others fixed [7] deter- 
mine the effects of coherent [8,9] and noncoherent [10,11] vacuum radiation 
from the asymptotically fiat systems. 
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When calculated by the dimensional regularization, the effective action 
of conformal invariant fields produces a local trace anomaly (for the origi- 
nal references and further developments see [5]). This property can also be 
formulated for a generic quantum field model with the inverse propagator of 
the form 

g^''W^y^ + (P - \rI) (4) 
o 

provided that the effective action W is expressed in terms of the collective 
field strength (1). Assuming that, under the conformal transformation of all 
fields 
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S^ = J dx a{x) [^9tJ,uj^ h . . .j , (5) 

the commutator curvature and potential transform as follows 

5^n^, = 0, 5^P = -2cjP, (6) 

one obtains a local expression for 6„W in the universal form (eq. (28) below) 
[5,12]. 

Because the conformal transformation is inhomogeneous in the curvature, 
the expansion in powers of the curvature (2) does not preserve the exact 
conformal properties of the effective action. These properties can only be 
recovered order by order by an explicit calculation. To third order inclusive 
this calculation was done for the anomaly in two [4] and four [5] dimensions. 
The purpose of the present paper is turning this shortcoming into an advan- 
tage. We shall use the knowledge of the exact trace anomaly to perform a 
partial summation of the expansion (2). 

As a first step we go over to a new basis of curvature invariants in which 
the gravitational field strength is represented, instead of by the set 
C.*^^^, R consisting of the Weyl tensor and the Ricci scalar. To show that 
this set is complete, we use the corollary of the Bianchi identities for the 
Weyl tensor 

VW"C«^^, = ^DRf,s - \v^VsR} + ^VpVsR - ^QfssaR (7) 



^Here and below, 1 is the unit matrix in the space of fields disturbances, 
and the sign conventions for the curvature are -Rf^,^^ = d^^'^f^ — ■ ■ ■ , Rap = 
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to express iteratively through C°p^^ and R\ 

R>.u = C^, + ^V^V.^i? + ^g^,R + 0[3fj2]. (8) 

Here 

C,, lv'^V"C„^/3., (9) 
and the relation inverse to (9) is 

~2 idayCfSS + gpsCay — giSyCaS — gasCjSy) + 0[3?^]. (10) 

Expression (8) can now be used to rewrite the basis invariants (3) in terms 
of C^^^^ and R. The result is that the action (2) becomes a sum of three 
contributions 

W = Wc + WcR + Wr (11) 

each of which is an expansion of the form (2), (3), and Wc contains the basis 
invariants with the Weyl tensor only: 

oo „ 

Wc = E /^^^?'^'Er.(ni,...nn,ni+2,n2+3,...) 

n=2-' i 

xM,(Vi,...V„)Ci...C„. (12) 

Here C is the notation for C.^^^. with the indices omitted, and we do not 
introduce a new notation for the form factors in (12) which are linear com- 
binations of the form factors in (2). The two other terms in (11) are of a 
similar structure and contain the basis invariants either with both C."^^^ and 
R (the term Wcr) or with R only (the term Wr). 

The main assertion of the present paper is that the effective action W is 
completely determined by its term Wc and its trace anomaly. When the full 
set of field strengths (1) is present, the term Wc should include all invariants 
with C, iZ^i, and P but not R: 

Wc = W cjg,., C, 7^^„ P). (13) 

^In lorentzian spacetime, the validity of relation (10) with l/D replaced 
by the retarded Green function l/Dret [3] is limited to the in- vacuum state 
for gravitons (see also below). 
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The complementary contributions to W contain at least one Ricci scalar R 
in every term of expansion. Below we present (i) an explicit expression which 
completely recovers W given Wc, and (ii) a proof that this recovery is unique. 
We emphasize that the term Wc is not conformal invariant. [| 

For accomplishing the points (i) and (ii) above, we shall use the method 
of building conformal invariants proposed in [12,13]. The main tool is the 
solution 

ct){x\g) = l+^-{u-\Ry' R (14) 

of the equation 

(□ - = (15) 

for a scalar field in an asymptotically flat euclidean spacetime with the bound- 
ary condition = 1 at infinity. Under a conformal transformation that 
becomes the identity at infinity the solution transforms as follows 

0(x|(7^,e''^) = e-'^("V(a;|(?^.), (16) 

and, therefore, the quantity 

9^,u{^) = (t>^{A9)9i.y{x) (17) 

is conformal invariant. Hence, any functional of 'g^y{x) is conformal invariant. 
When used as a metric, 'g^y{x) possesses the property that its Ricci scalar 
vanishes identically: 

R{g) = 0. (18) 

On the other hand, in (14) admits an expansion of the same nature as the 
one used for the construction of the effective action (2): 

(j)=l + --R +—-( R-r] + ... . (19) 

It is only in the framework of this expansion that the solution (14) will be 
used in the present context. 

^The concept of conformal invariant part of the effective action is ill- 
defined. There are many different ways to decompose a given action into 
conformal invariant and anomalous parts, and there are many different ac- 
tions producing one and the same trace anomaly (see [14] and references 
therein). 
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We are now able to prove that if two actions of the metric, W'[g] and 
iy'[5f], each in the form of expansion (2), or (11), give rise to one and the 
same trace 

SW SW" 
Qnv-. — = Qnu-. (20) 

and have one and the same form factors of the Weyl-tensor invariants 

W'c[g]^W;!,[gl (21) 

then these actions coincide. Indeed, the difference A — W — W" has the 
form of expansions (2) and (11) but with no pure-Weyl terms 

A[^] = AcR[g] + Anig] (22) 

and is conformal invariant. Therefore, with g defined in (17), we have 

A[g] = A[g] = AcrM + Ar[^] = (23) 

where the vanishing takes place owing to cq. (18) and the fact that both 
AcR and A^ contain at least one R in every term of expansion. 

There remains to be presented an explicit expression for the full action 
W given Wc- This expression is of the following form: 

w = Wc{<P'g,,, c, n,,, r'P) 

+ 1^^"'' V.ZV^jZ i + ^(VZ)2 {-R +UZ + \{WZf^ 1 

+^zn^,n^''' + ^zPP'j (24) 

where tr denotes the matrix trace, Z is the following quantity 

Z = ln0^ (25) 

and (f) is defined in (14). The first term in (24) is built out of the original Wc 
in (13) by replacing the metric g^i, wherever it appears with (p^g^^, and P 
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with ^P. Specifically, since in the purely gravitational sector Wc is given 
by expansion (12), the respective contribution to (24) is of the form 

CO „ 

W^C(0V> C) = E / dxf' Er^(ni, ■ .. On, 01+2, 02+3, . . .) 
n=2 i 

xM,(Vi,...V„)Ci...C„ (26) 

where all symbols with the bar refer to the metric in (17). The explicit 
addition to Wc in (24) contains Z up to the fourth power but, if needed, the 
power can be reduced by using the equation 

□Z + i(VZ)2 = li? (27) 

that Z ill (25) satisfies. 

To prove that expression (24) for W correctly recovers the original action, 
one must first show that all purc-Wcyl invariants of W are contained in the 
original Wc- This is easily seen upon the insertion of expansion (19) in (25) 
and (24). Next, one must show that the action (24) gives rise to the correct 
trace anomaly. Since the term with Wc in (24) is conformal invariant by 
construction, the anomaly is produced by the remaining explicit terms. The 
direct calculation using (6) with S^r in (5) gives 

1 f 

-5^W ^j—^ j dxg^^^a{x)iia2{x,x), (28) 

+ ^n^,n^'^ + ^PP. (29) 

The latter quantity is the second DeWitt coefficient [15] at coincident points 
for the operator (4). This is the correct expression for the trace anomaly in 
four dimensions (see [5,12] and references therein). 

The significance of the result above is in the fact that it suffices to calcu- 
late only the form factors of the basis invariants with the Weyl tensor (and 
matter field strengths); they accumulate the dynamical information and are 
generally not controlled by symmetries. The remaining form factors in the 
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effective action are then obtained automatically by inserting expansion (19) 
in (24). Specifically, if the form factors of the Weyl tensor are known to third 
order inclusive (as is presently the case with the one-loop effective action [3- 
7]), then all contributions to W containing two or three Weyl tensors and 
any number of Ricci scalars are also known. The contributions of invariants 
with the Ricci scalar only arc all known in advance in the closed form. This 
is a partial summation of the series (2) for the effective action. 

The transition to the C."^^^, R basis simplifies greatly the form factors 
obtained in [5,6]. The one-loop effective action for the operator (4) takes the 
form 

-j^C„,,.(ln(-n/,Vl?)'^"^'i 

(in {-D//) - ?) - ip (In (-D/^^)) P 

+ E -n,, -□3)S{,»2St3(i) + 0[»M (30) 

where the only arbitrary parameter is //^ > 0, and the new cubic invariants 
3?i3?23^3(0 are obtained from the old ones JJi 3^23^3(0 [5)6] by inserting the 
expression (8) for i?^,^. As a result, the full list of new cubic invariants differs 
from the old one only by the replacement of R^u with Cj^i, (eq. (9)) but the 
form factors of the invariants with the Ricci scalar change drastically. In the 
purely gravitational sector there are five such invariants 

M^(9) = R1R2R3I M^(ii) = crC2^.i?3i, 

W^W^(22) = CfVaR2VpRil, 1^1^(23) = V^CrV.Cs^ai^si, 

^1^(27) = Va^/sCr^^^uCfR^i 

whose form factors were the most comphcated ones in the table of ref. [6]. 
Now they factorize into elementary functions of two variables and take the 
form 



540 Vn2 □203 □in2/ 720 V ^2 

6Di _ 2^ _ 14£3 3£3^\ ln(Di/D2) 

^22 = ^ , (33) 



1620 02 Os 



r23 — 



(± _ IBl _ 1^) MEiZE^, (34) 



135 VDi ^2 ^2 1^3 

1 / 8 _ 2ni 

180 ~ ^2 ^3 Ol □2^' (□! - ^2) ' 

1 1/^3 2 \ ln(ni/n2) 



^27 = = + —{— — P " (35) 

I35nin2n3 l80Vnin2 n^n^j {n^-n^^ ^ ' 



^2) 



Furthermore, upon the replacement g^^, — > (/^^ ~ (p^g^u in the quadratic 
terms of (30), the contributions proportional to 

HBim (36) 

(□1-02) ^ ^ 

in (31)-(35) get exactly absorbedhy the second-order form factors 

ln(-n^^)^ln(-n^2). (37) 

The remaining tree contributions in (31)-(35) give rise to the trace anomaly 
with accuracy 0[3?"^] [5], and, as one can check, they are the expansion terms 
of the exact action in (24). Thus expression (24) is in complete agreement 
with the results of explicit calculations. 

The advantages provided by the transition to the C."^^^, R basis and by 
the partial summation accomplished in (24) have an immediate impact on ap- 
plications. The complicated check [9] that the l/D. □ — 0, asymptotic terms 
of the form factors cancel in the energy-momentum tensor is no more needed 
since this cancellation becomes manifest. The contribution to the energy 
of the vacuum gravitational waves that was caused by the l/D asymptotic 
behaviours [8,9] is now generated by a different, much simpler mechanism. 
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Following the lines of ref. [9], one must now introduce a new generalized 
current, l'^°"^^{—0^x), conjugate to the variation of the Weyl tensor 

SW = J dxg'/^I^^^{-U,x)5C^.0, (38) 

and it turns out that the 0(n°) term of I^''^''P[-U , x) gives directly the 
quantity K'^°"^^{x) which in rcfs. [8,9] determined the Bondi-Sachs news 
functions Ci,C2 of the vacuum gravitational waves 



. (39) 

1+ 



Here u is the retarded time, m is the complex vector of the mill tetrad, and 
r — cxD is the luminosity distance to the future null infinity 

To present an example, we pick out the sector of the effective action 
linear in the potential P. The !/□, □ — >^ 0, behaviours of the form factors in 
this sector, present in the expansion over the basis [7,9], are now absent 
completely. On the other hand, for the contribution linear in P to the vacuum 
news functions (39) we obtain straight away 

- I ( Qn. _ n„ _ on sMElZEil^ r^/^"-/^ , 



i^-- = 3^^(5^3^ i^D, - Ds - 2n.^^^^ J (40) 

The latter expression agrees with the result in [9] and is of a simpler form. 

Finally, one more advantage of the C.*^^^, R basis arises from the fact 
that, in lorentzian spacetime, the use of relation (8) imposes no limitation 
on the initial state. There is only one solution of eq. (7) for Rjjs with the 
appropriate decrease at X^, and this solution is generated by the retarded 
Green function for any choice of the in-state. In contrast with this case, the 
use of the retarded Green function in the solution of the Bianchi identities 
for the Riemann tensor [1-3] excludes an incoming gravitational wave. This 
concerns also eq. (10) above. Normally, the effective action calculated for 
a given vacuum remains valid for all coherent states based on this vacuum. 
However, because in the calculations of refs. [3-7] the Riemann tensor was 
excluded via the Bianchi identities, the results of these calculations are valid 
only for the vacuum state. The effective action for coherent graviton in-states 
cannot be expanded over the basis at all but the C"^^^, R basis is suitable 
for this purpose since the only relation involved is eq. (8). 
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